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1. Introduction
In aﬃne differential geometry we usually study the invariant properties and classiﬁcation problems of submanifolds
under the aﬃne transformation group. Ruled surfaces in R3 can be visualized by means of wire models and are applied for
architecture. These surfaces are not only important for practical use, but also provide artistic inspiration. The study of ruled
surfaces in R3 is an important classical subject in differential geometry.
We call a surface Weingarten if its Gauss curvature K and mean curvature H satisfy a nontrivial relation Ψ (H, K ) = 0 or,
for surfaces of class C3, HuKv = Hv Ku everywhere. So the constant mean curvature surfaces and constant Gauss curvature
surfaces are Weingarten surfaces. Alternatively one could use a nontrivial relation between the two principal curvatures.
Centroaﬃne differential geometry has been intensively studied by Liu, Wang, Li, Yang etc. (cf. [4–9,11]). But there are
few classiﬁcation results concerning with the Weingarten centroaﬃne submanifolds. Equiaﬃne minimal ruled hypersurfaces
have been studied by Katou [1,2], and some results have been obtained. In this paper, we study the non-degenerate linear
Weingarten centroaﬃne ruled surfaces in R3. The linear Weingarten surfaces are deﬁned by the linear combination of the
mean curvature H and the Gauss curvature K is constant, that is,
aK + bH = c,
for some real numbers a,b, c satisfying a2+b2 = 0. In this work we will give some classiﬁcation results for linear Weingarten
ruled surfaces in 3-aﬃne space R3 and prove that a non-degenerate centroaﬃne ruled surface in R3 is minimal if and only
if the Gauss curvature (or the Pick invariant, or ‖T‖2) is constant.
2. Centroaﬃne hypersurfaces
In this section, we recall some fundamental notions for centroaﬃne hypersurfaces in Rn+1. For details we refer to [7],
[10] or [12]. Let x : M → Rn+1 be a hypersurface immersion and [. . .] the standard determinant in Rn+1. x is said to be
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at each point of M in Rn+1. We deﬁne a symmetric bilinear form G on TM by
G = −
n∑
i, j=1
[e1(x), e2(x), . . . , en(x), eie j(x)]
[e1(x), e2(x), . . . , en(x), x] θ
i ⊗ θ j, (2.1)
where {e1, e2, . . . , en} is a local basis of TM with the dual basis {θ1, θ2, . . . , θn}. Note that G is globally deﬁned. A cen-
troaﬃne hypersurface x is said to be non-degenerate if G is non-degenerate. We call G the centroaﬃne metric of x. We say
that a hypersurface is deﬁnite (or indeﬁnite) if G is deﬁnite (or indeﬁnite). Geometrically, a hypersurface x with positive
(resp. negative) deﬁnite centroaﬃne metric G is the locally strongly convex hypersurface in Rn+1 and such hypersurface is
called hyperbolic type (respectively, elliptic type) in [3].
Let x : M →Rn+1 be a non-degenerate centroaﬃne hypersurface. Then x induces a centroaﬃnely invariant metric G and
a so-called induced connection ∇ . The difference of the Levi-Civita connection ∇̂ of G and the induced connection ∇ is a
(1,2)-tensor C on M with the property that its associate cubic form Ĉ , deﬁned by
Ĉ(u, v,w) = G(C(u, v),w), u, v,w ∈ TM, (2.2)
is totally symmetric. The function J on M deﬁned by
J := 1
n(n − 1)‖C‖
2 (2.3)
is called the Pick invariant. The so-called Tchebychev form is deﬁned by
T̂ = 1
n
traceG (̂C). (2.4)
The Tchebychev vector ﬁeld T on M is deﬁned by
G(T , v) = T̂ (v), v ∈ TM. (2.5)
The centroaﬃne theorem egregium is
χ = J − n
n − 1‖T‖
2 + 1, (2.6)
where χ is the normalized scalar curvature of the metric G and ‖T‖2 = G(T , T ).
It is proved by Wang in [12] that a centroaﬃne hypersurface x : Mn → Rn+1 is called centroaﬃne minimal if
traceG(∇̂T ) = 0 and the centroaﬃne mean curvature is deﬁned by
H = 1
n
traceG(∇̂T ). (2.7)
The Gauss equation of x can be written as (in the following, we use the Einstein summation convention and the range of
indices is 1 i, j,k, . . . n)
∂2x
∂ui∂u j
= Γ ki j ek(x) − Gijx. (2.8)
Then the Riemannian curvature tensor is given by
R̂li jk =
∂Γ̂ li j
∂uk
− ∂Γ̂
l
ik
∂u j
+ Γ̂ pi j Γ̂ lpk − Γ̂ pik Γ̂ lp j, (2.9)
and
R̂mi jk = Gml R̂li jk, (2.10)
where Γ̂ ki j is the Levi-Civita connection of G .
If n = 2, the Gauss curvature of x is deﬁned by
K = −R̂1212
det(Gij)
. (2.11)
So it is easy to see that K = χ when x is a centroaﬃne surface in R3.
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Let x : M2 →R3 be a non-degenerate centroaﬃne ruled surface given by x(u, v) = a(u) + vb(u), where a(u),b(u) are 1-
variable vector ﬁelds, and in the following, we assume that the vector ﬁelds a,b are linear independent. For the centroaﬃne
ruled surface x, the position vector, denoted also by x, is always transversal to the tangent space x∗(TM) at each point of M,
that is, [a′ + vb′,b,a + vb] = 0. On the other hand, [a′ + vb′,b,a + vb] = 0 if and only if the vector ﬁelds a′,a,b,b′ are not
coplanar.
From (2.1) it is not diﬃcult to check that
G11 = −[a
′ + vb′,b,a′′ + vb′′]
[a′,b,a] + v[b′,b,a] , G12 = G21 =
−[a′,b,b′]
[a′,b,a] + v[b′,b,a] , G22 = 0. (3.1)
Since the centroaﬃne ruled surface x is non-degenerate we have [a′,b,b′] = 0.
Remark 3.1. For centroaﬃne ruled surface x(u, v) = a(u) + vb(u) in R3, we have
1. the centroaﬃne ruled surface x is indeﬁnite;
2. vector ﬁelds a′,b,b′ are not coplanar implies that [a′ + vb′,b,a+ vb] = 0, i.e., the position vector ﬁeld of x is transversal
to the tangent space x∗(TM) at each point of M;
3. vector ﬁelds a′,b,b′ are not coplanar means that [a′,b,b′] = 0 and the centroaﬃne metric of x is non-degenerate.
From the structure equation (2.8) we have
x11 = a′′ + vb′′ = Γ 111
(
a′ + vb′)+ Γ 211b − G11(a + vb), (3.2)
x12 = b′ = Γ 112
(
a′ + vb′)+ Γ 212b − G12(a + vb), (3.3)
x22 = 0. (3.4)
It is obvious that Γ 122 = Γ 222 = 0. Differentiating (3.3) with respect to v we obtain
0=
(
∂Γ 112
∂v
+ (Γ 112)2
)(
a′ + vb′)+(Γ 112Γ 212 + ∂Γ 212∂v − G12
)
b −
(
Γ 112G12 +
∂G12
∂v
)
(a + vb). (3.5)
Taking the second partial derivative of (3.2) with respect to v , and from (3.3) we get
0=
(
∂2Γ 111
∂v2
+ 2Γ 112
∂Γ 111
∂v
)(
a′ + vb′)+(2Γ 212 ∂Γ 111∂v + ∂
2Γ 211
∂v2
− 2∂G11
∂v
)
b
−
(
2G12
∂Γ 111
∂v
+ ∂
2G11
∂v2
)
(a + vb). (3.6)
We can now distinguish the following three possibilities:
Case 1. [a,b,b′]|u=u0 = 0. According to the continuity of [a,b,b′], there exists a neighborhood U of u0 satisfying that
[a,b,b′] = 0, ∀u ∈ U . So locally we can assume that [a,b,b′] = 0 for any u. Then from (3.1) we have ∂G12
∂v = 0. Since
a + vb,b and a′ + vb′ are linearly independent, from (3.5) we get
Γ 112 =
1
v + f1 , G12 =
f2
v + f1 , Γ
2
12 =
v f2 + f3
v + f1 , (3.7)
where f i (i = 1,2,3) are 1-variable functions with respect to u and f2 = 0. Then (3.3) can be written as
f2a = a′ + f3b − f1b′. (3.8)
Using similar method, from (3.6) we have
Γ 111 = −
f4
v + f1 + f5, G11 =
− f2 f4
v + f1 + v f6 + f7, (3.9)
Γ 211 =
f1 f2 f4 − f3 f4
v + f1 + v
2 f6 + v f8 + f9, (3.10)
where f i (i = 4,5, . . . ,9) are 1-variable functions with respect to u.
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K = − f4 + 2 f
′
1
2 f2(v + f1) +
(v + f1) f6
2 f 22
. (3.11)
From xuuv = xuvu we get the integrability conditions for x,⎧⎨
⎩
f4 = − f ′1 + f3 − f1 f2,
f2 f5 + f1 f6 = f7 + f ′2 + f 22 ,
f3 f5 + f1( f8 − f7) = f9 − f ′1 f2 + f ′3 + 2 f2 f3 − f1 f 22 .
(3.12)
Eq. (3.2) can be written as
a′′ =
(
f5 − f7
f2
)
a′ +
(
f2 f4 + f9 − f3 f7
f2
)
b + f1 f7 − f2 f4
f2
b′, (3.13)
b′′ = − f6
f2
a′ +
(
f8 − f7 − f3 f6
f2
)
b +
(
f5 + f1 f6
f2
)
b′. (3.14)
The Levi-Civita connection of G is given by
Γ̂ 111 =
f ′2
f2
− f
′
1 + f42
v + f1 −
(v + f1) f6
2 f2
, (3.15)
Γ̂ 211 =
f ′1 − 2 f1 − f4
2(v + f1) f4 +
(
2 f2 f ′7 − 2v f6 f ′2 − 2 f7 f ′2
2 f 22
)
(v + f1) + f
′
2 f4 − f2 f ′4 + (v f6 + f7)(2 f ′1 + f4)
2 f2
, (3.16)
Γ̂ 112 = 0, Γ̂ 212 =
f4
2(v + f1) +
v + f1
2 f2
f6, (3.17)
Γ̂ 122 = 0, Γ̂ 222 =
−1
v + f1 . (3.18)
From (3.7)–(3.18), (2.4) and (2.5) we get
T 1 = 1
2
GijC1i j =
1
f2
, (3.19)
T 2 = 1
2
GijC2i j = v +
f3
f2
− (v + f1)
2 f6
2 f 22
− (v f6 + f7)(v + f1)
2 f 22
, (3.20)
and
∇̂uT 1 = − f4 + 2 f
′
1
2 f2(v + f1) −
(v + f1) f6
2 f 22
, (3.21)
∇̂v T 2 = − f4 + 2 f
′
1
2 f2(v + f1) −
(v + f1) f6
2 f 22
. (3.22)
So the centroaﬃne mean curvature of the centroaﬃne ruled surface x is
H = ∇̂uT
1 + ∇̂v T 2
2
= − f4 + 2 f
′
1
2 f2(v + f1) −
(v + f1) f6
2 f 22
, (3.23)
and
H · K = ( f4 + 2 f
′
1)
2
4 f 22 (v + f1)2
− (v + f1)
2 f 26
4 f 42
. (3.24)
We have also
‖T‖2 = Gij T i T j = 2+ f4 + 2 f
′
1
f2(v + f1) −
(v + f1) f6
f 22
= 2− 2K . (3.25)
From (2.6) it is easy to see that
J = 3+ 3( f4 + 2 f
′
1)
2 f2(v + f1) −
3(v + f1) f6
2 f 2
= 3− 3K . (3.26)2
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Proposition 3.2. Let x : M2 → R3 be a non-degenerate centroaﬃne ruled surface and x = a(u) + vb(u), where [a,b,b′] = 0. Then
the following statements are equivalent;
1. the Gauss curvature K is constant;
2. the Pick invariant J is constant;
3. the centroaﬃne mean curvature H is constant;
4. ‖T‖2 is constant;
5. H · K is constant;
6. x is centroaﬃne minimal;
7. x is centroaﬃne ﬂat;
8. the Pick invariant J = 3;
9. ‖T‖2 = 2.
Proof. If one of K , H , J , H · K and ‖T‖2 is constant, from (3.11), (3.23)–(3.26), we can get f4 = −2 f ′1, f6 = 0. So we get
that K = H = 0, ‖T‖2 = 2 and J = 3. 
Case 2. [a,b,b′]|u=u0 = 0 and for any neighborhood U of u0, ∃u1 ∈ U satisfying that [a,b,b′]|u=u1 = 0. Then according to the
continuity of [a,b,b′], there exists an interval I ∈ {(u0 − u,u0), (u0,u0 + u)} satisfying that [a,b,b′] = 0, ∀u ∈ I , where
u > 0. From Case 1 and the continuity of G12, we obtain
G12(u, v) = f2(u)
v + f1(u) , ∀u ∈ I,
and
G12(u0, v) = f2(u0)
v + f1(u0) .
On the other hand, from (3.1) and [a,b,b′]|u=u0 = 0 we get
G12(u0, v) = −[a
′(u0),b(u0),b′(u0)]
[a′(u0),b(u0),a(u0)] .
It is easy to see G12(u0, v) = 0, which contradicts the assumption of non-degeneracy.
Case 3. [a,b,b′]|u=u0 = 0 and there exists a neighborhood U of u0 satisfying that [a,b,b′] = 0, ∀u ∈ U . Then locally we can
assume that [a,b,b′] ≡ 0. Therefore, we obtain
G11 = −[a
′ + vb′,b,a′′ + vb′′]
[a′,b,a] , G12 = G21 =
−[a′,b,b′]
[a′,b,a] , G22 = 0. (3.27)
Since x is non-degenerate we know that [a′,b,b′] = 0. The combination of [a,b,b′] = 0 and [a′,b,b′] = 0 gives[
b,b′,b′′
] = 0. (3.28)
Since G12 is a 1-variable function with respect to u, using similar method as in Case 1, Eqs. (3.5) and (3.6) give
Γ 111 = g2v + g3, Γ 211 = −g2G12v3 + (g4 − g1g2)v2 + vg6 + g7, (3.29)
Γ 112 = 0, Γ 212 = vG12 + g1, Γ 122 = Γ 222 = 0, (3.30)
G11 = −G12g2v2 + g4v + g5, (3.31)
and also the integrability conditions
G12 = −g2, (3.32)
g′2 = g2g3 − g4 − g1g2, (3.33)
g′1 + g21 = g1g3 + g6 − g5, (3.34)
where gi , i = 1,2, . . . ,7 are 1-variable functions with respect to u. So the structure equations (3.2)–(3.3) give
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g2
b′ − g1
g2
b, (3.35)
a′′ = g3a′ +
(
g7 + g1g5
g2
)
b − g5
g2
b′, (3.36)
b′′ = g2a′ +
(
g6 − g5 + g1g4
g2
)
b +
(
g3 − g4
g2
)
b′. (3.37)
From (3.31), (3.32) and G22 = 0, by a simple computation, we obtain the Gauss curvature
K = 1. (3.38)
The Levi-Civita connection of the centroaﬃne metric G is given by
Γ̂ 111 = g2v +
g′2
g2
+ g4
2g2
, (3.39)
Γ̂ 211 = v3g22 +
3g4
2
v2 +
(
g5 + g
2g4 + 2g′2g4 − g2g′4
2g22
)
v + g4g5 + 2g
′
2g5 − g2g′5
2g22
, (3.40)
Γ̂ 112 = 0, Γ̂ 212 = −g2v −
g4
2g2
, Γ̂ 122 = Γ̂ 222 = 0. (3.41)
From (3.29)–(3.41) we obtain
T 1 = 0, T 2 = −2g1g2 − g4
2g22
, (3.42)
∇̂uT 1 = 0, ∇̂v T 2 = 0, (3.43)
H = J = ‖T‖2 = 0. (3.44)
Combination of (3.28), (3.38), (3.44) and Proposition 3.2 gives
Proposition 3.3. Let x : M2 →R3 be a non-degenerate centroaﬃne ruled surface and x(u, v) = a(u) + vb(u). Then
(1) [a,b,b′] = 0 implies [b,b′,b′′] = 0 and x is centroaﬃne minimal.
(2) The following statements are equivalent;
1. [a,b,b′] = 0;
2. the Gauss curvature K = 1;
3. the Pick invariant J = 0;
4. ‖T‖2 = 0.
From Proposition 3.2 and Proposition 3.3 we get the following propositions.
Proposition 3.4. Let x : M2 →R3 be a non-degenerate centroaﬃne ruled surface. Then the following statements are equivalent;
1. the Gauss curvature K is constant;
2. the Pick invariant J is constant;
3. the centroaﬃne mean curvature H is constant;
4. ‖T‖2 is constant;
5. H · K is constant;
6. x is centroaﬃne minimal.
Proposition 3.5. Let x : M2 → R3 be a non-degenerate centroaﬃne minimal ruled surface and x = a(u) + vb(u). Then the Gauss
curvature K = 1 or K = 0. If K = 1, then [a,b,b′] = 0. If K = 0, then [a,b,b′] = 0.
From (3.11), (3.23)–(3.26), (3.38) and (3.44) we obtain the following relations.
Proposition 3.6. Let x :M2 →R3 be a non-degenerate centroaﬃne ruled surface. Then J = 3− 3K , ‖T‖2 = 2− 2K and J = 3‖T‖2 .2
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Corollary 3.7. Let x : M2 → R3 be a non-degenerate centroaﬃne ruled surface and x = a(u) + vb(u). Then H = K if and only if
[b,b′,b′′] = 0.
Proof. If H = K , from Proposition 3.3 we know that [a,b,b′] = 0. For Case 1, combination of (3.23), (3.11) and H = K gives
f6 = 0. Putting f6 = 0 into (3.14) we get [b,b′,b′′] = 0.
On the other hand, if [b,b′,b′′] = 0, from Proposition 3.3 we get [a,b,b′] = 0. Then in Case 1, combination of
[b,b′,b′′] = 0 and (3.14) yields that f6 = 0. From (3.23), (3.11) and f6 = 0 we have H = K . 
Corollary 3.8. Let x :M2 →R3 be a non-degenerate centroaﬃne ruled surface and x = a(u)+ vb(u). Then H = −K if and only if x is
centroaﬃnely equivalent to x = a¯(u¯) + v¯b¯(u¯) or its open part, where a¯′(u¯) = f (u¯)a¯(u¯), f (u¯) is a differentiable function and f = 0.
Proof. If H = −K , from Proposition 3.3 we know that [a,b,b′] = 0, which is included in Case 1. So combination of (3.23),
(3.11) and H = −K gives f4 = −2 f ′1. From (3.12) we get f3 = f1 f2 − f ′1. (3.8) can be written as f2(a − f1b) = (a − f1b)′ . If
we take u¯ = u, v¯ = v + f1, x is centroaﬃnely equivalent to x = a¯(u)+ v¯b(u), where a¯(u¯) = a(u¯)− f1b(u¯) and a¯′(u¯) = f2a¯(u¯).
On the other hand, for surface x = a(u)+ vb(u), if a′(u) = f a(u), then [a′,b,b′] = 0 yields that [a,b,b′] = 0. So in Case 1,
a′(u) = f a(u) and (3.8) give f2 = f , f1 = f3 = 0. From (3.12) we get f4 = 0. Then (3.23) and (3.11) give H = −K . 
4. Linear Weingarten centroaﬃne ruled surfaces inR3
4.1. Centroaﬃne ﬂat ruled surfaces in R3
From Section 3 we know that a ﬂat centroaﬃne ruled surface in R3 has the following properties;
(i) the centroaﬃne metric is indeﬁnite;
(ii) the centroaﬃne mean curvature H = 0;
(iii) ‖T‖2 = 2;
(iv) the Pick invariant J = 3.
Moreover we have
Theorem 4.1. Let x : M2 →R3 be a non-degenerate centroaﬃne surface. Then x is a centroaﬃne ﬂat ruled surface in R3 if and only if
the surface x satisﬁes properties (i)–(iv).
Proof. From Section 3 the necessary condition is obvious. Then we prove the suﬃcient condition. Let x : M → R3 be a
centroaﬃne surface satisfying the properties (i)–(iv). We introduce the asymptotic coordinates (u, v) of G such that
G = e2w(du ⊗ dv + dv ⊗ du) (4.1)
for some local function w . Using appropriate functions λ, μ, ϕ and ψ we deﬁne 1-forms
Λ := λdu := [x, xu, xuv ][x, xu, xv ] du, (4.2)
M := μdv := [x, xuv , xv ][x, xu, xv ] dv, (4.3)
and cubic forms
Φ := ϕ du3 := e2w [x, xu, xuu][x, xu, xv ] du
3, (4.4)
Ψ := ψ dv3 := −e2w [x, xv , xvv ][x, xu, xv ] dv
3. (4.5)
Then we have the following structure equations [6,7]
xuu = (2wu + λ)xu + ϕe−2wxv , (4.6)
xuv = μxu + λxv − e2wx, (4.7)
xvv = ψe−2wxu + (2wv + μ)xv , (4.8)
and the integrability conditions
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ϕv = e2w(λu − 2wuλ), ψu = e2w(μv − 2wvμ), (4.10)
λv = μu . (4.11)
We also get
‖T‖2 = 2e−2wλμ, J − 3
2
‖T‖2 = e−6wϕψ, (4.12)
H = e
−2w(λv + μu)
2
, (4.13)
K = −2e−2wwuv . (4.14)
Since J = 3 and ‖T‖2 = 2, from (2.6) we know K = 0 and x is centroaﬃne ﬂat. By the ﬂatness of the surface we can choose
a local basis such that w ≡ 0. If the centroaﬃne mean curvature H = 0, from (4.11) and (4.13) we obtain
λv = μu = 0. (4.15)
Eq. (4.12), J = 3 and ‖T‖2 = 2 give
λμ = e2w = 1, ϕψ = 0. (4.16)
From (4.15) and (4.16) we get
λ = 1
c
, μ = c, (4.17)
where c is a nonzero constant. Without loss of generality, we may assume that ψ = 0. On the other hand, from (4.10) and
(4.17) we have ϕv = 0. Then the structure equations (4.6)–(4.8) can be written as
xuu = 1
c
xu + ϕxv , (4.18)
xuv = cxu + 1
c
xv − x, (4.19)
xvv = cxv . (4.20)
The solutions of (4.20) are
x = ecv V¯1(u) + V¯2(u), (4.21)
where V¯1(u), V¯2(u) are 1-variable vector ﬁelds with respect to u.
Combination of (4.19) and (4.21) gives
V¯2(u) = e uc V2, (4.22)
where V2 is a constant vector. So
x = ecv V¯1(u) + e uc V2. (4.23)
It is easy to check the surface x in (4.23) is a ﬂat centroaﬃne ruled surface. 
From (4.18) and (4.23) we get
V¯ ′′1 (u) −
1
c
V¯ ′1(u) − cϕ V¯1(u) = 0. (4.24)
Then we obtain
Theorem 4.2. Let x :M2 →R3 be a non-degenerate centroaﬃne surface. Then the following statements are equivalent;
(1) x is a centroaﬃne ﬂat ruled surface;
(2) x is centroaﬃnely equivalent to the surface x = uV2 + v V¯1(u) or its open part, where V¯1 is the solution of differential equation:
V¯ ′′1 (u) − ϕ(u)V¯1(u) = 0, V2 is a constant vector and ϕ(u) is an arbitrary differentiable function;
(3) x is centroaﬃnely equivalent to the surface x = (u, vs(u), vt(u))T or its open part, where s(u), t(u) are arbitrary linearly inde-
pendent differentiable functions.
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V¯ ′′1 (u¯) − ϕ¯(u¯)V¯1(u¯) = 0.
According to the proof of Theorem 4.1 we obtain (1) and (2) are equivalent.
Now we prove (2) and (3) are equivalent. It is well known that homogeneous linear differential equation has fundamental
system of solutions. So the solutions of the differential equation
V¯ ′′1 (u) − ϕ(u)V¯1(u) = 0
can be written as
s(u)V1 + t(u)V0,
where V0, V1 are constant vectors, and s(u), t(u) are linearly independent. Thus the surface x = uV2 + v V¯1(u) is cen-
troaﬃnely equivalent to the surface x = (u, vs(u), vt(u))T .
On the other hand, for the surface x = (u, vs(u), vt(u))T , where s(u), t(u) are arbitrary linearly independent differentiable
functions, by a direct calculation, we get
G11 = s
′′t − t′′s
u(s′t − st′) , G12 =
1
uv
, G22 = 0.
It is not diﬃcult to check that this surface is centroaﬃne ﬂat. Then we complete the proof of the theorem. 
For different functions ϕ(u), we can get the following examples.
Example 1. If we take ϕ(u) = 0, the surface is centroaﬃnely equivalent to the surface x = (u, v,uv)T or its open part.
Example 2. If we take ϕ(u) = 1, the surface is centroaﬃnely equivalent to the surface x = (u, veu, ve−u)T or its open part.
Example 3. If we take ϕ(u) = −1, the surface is centroaﬃnely equivalent to the surface x = (u, v cosu, v sinu)T or its open
part.
From Proposition 3.2, Proposition 3.3 and Corollary 3.7 we can obtain the following conclusions.
Corollary 4.3. For a non-degenerate centroaﬃne ruled surface x = a(u) + vb(u), if [b,b′,b′′] = 0, x is not centroaﬃne ﬂat.
Example 4. For surface x = (u + v, v cosu, v sinu)T , we have G11 = − vu , G12 = 1uv , G22 = 0. Thus we can obtain the Gauss
curvature K = uv2 . This surface is not centroaﬃne ﬂat.
On the other hand, from Corollary 3.7 and Corollary 3.8 we also get
Corollary 4.4. Let x : M2 → R3 be a non-degenerate centroaﬃne ruled surface. Then x is centroaﬃne ﬂat if and only if x is cen-
troaﬃnely equivalent to x = a(u) + vb(u), where [b,b′,b′′] = 0, a′(u) = f (u)a(u), f (u) is a differentiable function and f = 0.
Proof. From Corollary 3.7 and Corollary 3.8, we know H = K = 0 if and only if x is centroaﬃne equivalent to x = a(u) +
vb(u), where [b,b′,b′′] = 0, a′(u) = f (u)a(u), f (u) is a differentiable function and f = 0. However, from Proposition 3.4,
the necessary and suﬃcient condition of H = K = 0 is K = 0. 
4.2. Centroaﬃne ruled surfaces with K = 1 in R3
Let x : M2 →R3 be a non-degenerate centroaﬃne ruled surface with Gauss curvature K = 1 in R3 and x = a(u) + vb(u).
From Proposition 3.5 we know that [a,b,b′] = 0. So we put a = f b′ + gb, where f , g are 1-variable functions with respect
to u. Choosing coordinates u¯ = u, v¯ = v + g , we get ruled surface x = f (u¯)b′(u¯)+ v¯b(u¯). So the non-degenerate centroaﬃne
ruled surface with Gauss curvature K = 1 in R3 can be written as x(u¯, v¯) = f (u¯)b′(u¯) + v¯b(u¯).
On the other hand, the position vector of the centroaﬃne ruled surface x(u, v) = f (u)b′(u) + vb(u), denoted also by x,
is always transversal to the tangent space x∗(TM) at each point of M, i.e., [xu, xv , x] = 0, which implies that [b,b′,b′′] = 0
and f = 0. For such surface we can obtain
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2
f 2
− v([b
′,b,2 f ′b′′ + f b′′′] + [ f ′b′,b,b′′]) + [ f ′b′ + f b′′,b, f ′′b′ + 2 f ′b′′ + f b′′′]
f 2[b′′,b,b′] ,
G12 = 1
f
,
G22 = 0.
It is not diﬃcult to check that the Gauss curvature of this surface is 1. So we have
Theorem 4.5. Let x : M2 → R3 be a non-degenerate centroaﬃne ruled surface. Then its Gauss curvature K = 1 if and only if x is
centroaﬃnely equivalent to the surface x = f (u)b′(u) + vb(u) or its open part, where f (u) is an arbitrary nonzero function and
vector ﬁeld b(u) satisﬁes [b,b′,b′′] = 0.
The following surface is an example.
Example 5. For surface
x =
(
1+ uv
u + v ,
u − v
u + v ,
1− uv
u + v
)T
,
choosing v¯ = 1u+v , u¯ = u, we can obtain the surface
x = (u¯,−1,−u¯)T + v¯(1− u¯2,2u¯,1+ u¯2)T .
It is a surface with Gauss curvature K = 1. Obviously it satisﬁes a(u) = − 12b′(u), and [b,b′,b′′] = 8 = 0.
From Proposition 3.4, Theorem 4.2 and Theorem 4.5 we obtain
Theorem 4.6. Let x : M2 → R3 be a non-degenerate centroaﬃne ruled surface. Then x is minimal if and only if x is centroaﬃnely
equivalent one (or an open part) of the following surface;
1. x = (u, vs(u), vt(u))T , where s(u), t(u) are arbitrary linearly independent differentiable functions;
2. x = f (u)b′(u) + vb(u), where f (u) is arbitrary nonzero function and vector ﬁeld b(u) satisﬁes [b,b′,b′′] = 0.
4.3. Linear Weingarten centroaﬃne ruled surfaces in R3
The linear Weingarten surface is a surface such that the linear combination of its mean curvature H and Gauss curvature
K is constant, that is,
λ1K + λ2H = λ
for some real numbers λ1, λ2, λ satisfying λ21 + λ22 = 0. Here for centroaﬃne surfaces, we denote the centroaﬃne mean
curvature by H . If centroaﬃne ruled surface x = a(u) + vb(u) satisﬁes λ1K + λ2H = λ, we have
(1) If H is constant, from Proposition 3.4 and Proposition 3.5 it is easy to see H = 0, then K = 1 or K = 0. If K is
constant, Proposition 3.4 gives H = 0. So the surface is included in Theorem 4.6.
(2) If H and K are not constant, from Proposition 3.3 we obtain [a,b,b′] = 0. Combination of (3.23) and (3.11) gives
H = K or H = −K , which is included in Corollary 3.7 and Corollary 3.8.
On the other hand, the surface x = (v,us(v),ut(v))T in Theorem 4.6 is included in Corollary 3.7 and Corollary 3.8. So
we have
Theorem 4.7. Let x : M2 →R3 be a non-degenerate centroaﬃne ruled surface. Then x is a linear Weingarten surface if and only if x is
centroaﬃnely equivalent to one (or an open part) of the following surfaces;
1. x = f (u)b′(u) + vb(u), where f (u) is an arbitrary nonzero function and vector ﬁeld b(u) satisﬁes [b,b′,b′′] = 0;
2. x = a(u) + vb(u), where vector ﬁeld a(u) satisﬁes a′(u) = f (u)a(u), f (u) is a differentiable function and f = 0;
3. x = a(u) + vb(u), where vector ﬁeld b(u) satisﬁes [b,b′,b′′] = 0.
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